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Abstract
In this paper we determine expression of Kazhdan–Lusztig basis elements Cw over the
Hecke Algebra of Type An where w= a(j, i) is an element in Weyl group of type An. We
also find joined relation of some elements in W .
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1. Preliminaries
Let (W,S) be a Weyl group with S as its generator set and H its associated
Hecke algebra. LetA= Z[u,u−1] be the Laurent polynomial ring. In [1] Kazhdan
and Lusztig introduce two sets of A-bases {Tw}w∈W and {Cw}w∈W for the Hecke
algebra H associated to W , which play an important role in the representation
theory of H . In [1] there is an expression of Cw as A-linear combination of
Tx ’s for w ∈W . But one must know Kazhdan–Lusztig polynomials in advance.
This still is an open question. In this paper we shall find the expression of Cw
as A-linear combination of Tx ’s for w = a(j, i) ∈W and joined relation of some
elements in W , where W is the Weyl group of type An.
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1.1. Let (W,S) be a Weyl group with S its Coxeter generator set. Let  be the
standard Bruhat order on W . For w ∈W we denote by l(w) the length of w and
let
L(w)= {s ∈ S | sw <w}, R(w)= {s ∈ S |ws <w}.
1.2. Let u be an indeterminate, A= Z[u,u−1] the Laurent polynomial ring. The
Hecke algebra H associated to W is the A-algebra which, as A-module, has two
sets of A-bases {Tx}x∈W and {Cw}w∈W , which satisfy the relations{
TxTx ′ = Txx ′, if l(xx ′)= l(x)+ l(x ′),
(Ts − u−1)(Ts + u)= 0, if s ∈ S,
Cw =
∑
yw
ul(w)−l(y)Py,w
(
u−2
)
Ty,
where Py,w(u) ∈ Z[u] satisfies the conditions that Pw,w = 1; Py,w = 0 if y  w;
degPy,w  12 (l(w)− l(y)− 1) if y < w. The Py,w’s are called Kazhdan–Lusztig
polynomials (cf. [1,2]. The notation Tw and Cw used in this paper are from [2]).
Both µ(y,w) and µ(w,y) are used to denote the coefficient referred to
u(1/2)(l(w)−l(y)−1) in Py,w for y,w ∈W with l(y) < l(w). If µ(y,w) = 0, then
we say that y and w are joined and denote by y–w this relation.
1.3. Lemma [1, Lemma 2.6(vi)]. If W is a finite Weyl group and w0 is its longest
element, then Py,w0 = 1 for all y ∈W , i.e., Cw0 =
∑
y∈W ul(w0)−l(y)Ty .
1.4. We have the following formulas: for any x ∈W and s ∈ S,
CsCx =


(
u−1 + u)Cx, if s ∈L(x),∑
y−x
sy<y
µ(x, y)Cy, if s /∈L(x),
CxCs =


(
u−1 + u)Cx, if s ∈ R(x),∑
y−x
ys<y
µ(x, y)Cy, if s /∈ R(x),
where the numbers of the elements y occurring on the right hand sides of the
equalities are finite.
2. R(w) of element w in Weyl group of type An
Now let W = (W,S) be the Weyl group of type An with S = {s1, s2, . . . ,
sn−1, sn} as its generator set, where the generators satisfy the following relations:
(sisi+1)3 = e for 1 i  n− 1 and (sisj )2 = e for j = i ± 1.
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Let w1 = snsn−1 · · · s3s2s1. For example, when n = 7, w1 = s7s6s5s4s3s2s1.
Similarly let w2 = snsn−1 · · · s3s2, . . . , wi = snsn−1 · · · si+1si for 2< i < n− 1,
wn−1 = snsn−1 and wn = sn.
2.1. The following formulas are trivial.
2.1.1. sjwi =wisj for j < i − 1;
2.1.2. sjwi =wisj+1 for n > j  i .
2.2. If x ∈W , we can write x = x1x2 · · ·xn−1xn such that xi is the distinguished
representative element of the left coset xiWi , where Wi is the subgroup of W
generated by {si+1, si+2, . . . , sn−1, sn} for 1  i  n − 1. Clearly R(xj ) ⊆ {sj }
for 1 j  n. In fact, we have that xj = e or xj = sisi−1 · · · sj+1sj for j  i  n.
If we omit all e’s occurring in the above expression, then the expression is unique
under the above conditions. We also call it the canonical expression of x in the
Weyl group W .
Similar to [3, Theorem 2.4] we have the following theorem.
2.3. Theorem. Let x = x1x2 · · ·xn ∈W be canonical. Then set R(x) consists of
all such elements si ∈ S that the subscript i satisfies one of the following three
conditions:
(a) xi = e and xi+1 = e for 1 i  n− 1.
(b) xi+1 = e and l(xi) > l(xi+1) for 1 i  n− 1.
(c) If xn = sn, then sn ∈ R(x).
Applying Sections 2.1 and 2.2 one also can easily compute the set L(x). Let
x = x1x2 · · ·xn be the canonical expression of x . Then L(x) is determined by
the left-most simple reflections in expression of every xi . For example, let n= 6
and w = x1x2x3x4x5x6 be the canonical expression of w where x1 = 654321,
x2 = 5432, x3 = 6543, x4 = 54, x5 = 65, and x6 = 6. Here and later, we denote
the simple reflection si by i for brevity. Then L(w) = {1,2,4,6}. In fact, the
simple reflections 6, 5, 6, 5, 6, and 6 are the left-most simple reflections in the
expressions of x1, x2, x3, x4, x5, and x6, respectively. Clearly, 6 ∈ L(w). For the
left-most simple reflection 5 in the expression of x2, since x15 = 4x1, 4 ∈ L(w).
For the left-most simple reflection 6 in the expression of x3, since there is no
simple reflection i such that ix2 = x26. So the left-most simple reflection 6 of x3
is independent to L(w). For the left-most simple reflection 5 in the expression
of x4, since 4x3 = x35, 3x2 = x24, and 2x1 = x13, 2 ∈ L(w). For the left-most
simple reflection 6 in the expression of x5, there is no simple reflection i such that
ix4 = x46. So the left-most simple reflection 6 of x5 is independent to L(w). For
x6 = 6, since 5x5 = x56 and 4x4 = x45, 3x3 = x34, 2x2 = x23, and 1x1 = x12, the
simple reflection 1 ∈L(w). Therefore L(w)= {1,2,4,6}.
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3. The expression of Cw for Tw
3.1. Lemma. Let w ∈W and Yw =∑yw ul(w)−l(y)Ty .
(1) If si /∈ L(w) (respectively si /∈ R(w)) and Zw =∑yw, si /∈L(y) ul(w)−l(y)Ty
(respectively Zw =∑yw, si /∈R(y) ul(w)−l(y)Ty), then CiZw = Ysiw (respec-
tively ZwCi = Ywsi );
(2) If si ∈ L(w) (respectively si ∈ R(w)) and Z′w =
∑
yw, si∈L(y) u
l(w)−l(y)Ty
(respectively Z′w =
∑
yw, si∈R(y) u
l(w)−l(y)Ty), then CiZ′w = u−1Yw (re-
spectively Z′wCi = u−1Yw);
(3) If si /∈ L(w) and z is the only maximal element z with z < w and si ∈ L(z),
then CiYw = Ysiw + ul(w)−l(z)−1Yz;
(4) If si /∈ L(w), z1 and z2 are the only maximal elements z with z < w and
si ∈ L(z), z3 is the only maximal element z with z < z1, z < z2, and si ∈ L(z),
then
CiYw = Ysiw + ul(w)−l(z1)−1Yz1 + ul(w)−l(z2)−1Yz2 − ul(w)−l(z3)−1Yz3 .
(5) If si ∈L(w), then CiYw = (u−1 + u)Yw .
Proof.
(1) CiZw = (Ti + u)
∑
yw, si /∈L(y)
ul(w)−l(y)Ty
=
∑
yw, si /∈L(y)
ul(w)−l(y)Tsiy + u
∑
yw, si /∈L(y)
ul(w)−l(y)Ty
=
∑
ysiw, si∈L(y)
ul(siw)−l(y)Ty +
∑
ysiw, si /∈L(y)
ul(siw)−l(y)Ty
=
∑
ysiw
ul(siw)−l(y)Ty = Ysiw.
Similarly we have ZwCi = Ywsi .
(2) CiZ′w = (Ti + u)
∑
yw, si∈L(y)
ul(w)−l(y)Ty
=
∑
yw, si∈L(y)
ul(w)−l(y)TiTy + u
∑
yw, si∈L(y)
ul(w)−l(y)Ty
= (u−1 − u) ∑
yw, si∈L(y)
ul(w)−l(y)Ty +
∑
yw, si∈L(y)
ul(w)−l(y)Tsiy
+u
∑
yw, si∈L(y)
ul(w)−l(y)Ty
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= u−1
∑
yw, si∈L(y)
ul(w)−l(y)Ty + u−1
∑
yw, si /∈L(y)
ul(w)−l(y)Ty
= u−1
∑
yw
ul(w)−l(y)Ty = u−1Yw.
Similarly we have Z′wCi = u−1Yw .
(3) By using (1) and (2) we have
CiYw = Ci
∑
yw
ul(w)−l(y)Ty
= Ci
( ∑
yw, si /∈L(y)
ul(w)−l(y)Ty + ul(w)−l(z)
∑
yz, si∈L(y)
ul(z)−l(y)Ty
)
= Ysiw + ul(w)−l(z)−1Yz.
(4) By using (1) and (2) we have
CiYw = Ci
∑
yw
ul(w)−l(y)Ty
= Ci
( ∑
yw, si /∈L(y)
ul(w)−l(y)Ty
+ ul(w)−l(z1)
∑
yz1, si∈L(y)
ul(z1)−l(y)Ty + ul(w)−l(z2)
×
∑
yz2, si∈L(y)
ul(z2)−l(y)Ty
− ul(w)−l(z3)
∑
yz3, si∈L(y)
ul(z3)−l(y)Ty
)
= Ysiw + ul(w)−l(z1)−1Yz1 + ul(w)−l(z2)−1Yz2 − ul(w)−l(z3)−1Yz3 .
(5) LetZ′w =
∑
yw,si∈L(y) u
l(w)−l(y)Ty andZ′′w =
∑
yw,si /∈L(y) u
l(w)−l(y)Ty .
By using (2) we have CiZ′w = u−1Yw . And
CiZ
′′
w = (Ti + u)
∑
yw, si /∈L(y)
ul(w)−l(y)Ty
=
∑
yw, si /∈L(y)
ul(w)−l(y)TiTy + u
∑
yw, si /∈L(y)
ul(w)−l(y)Ty
= u
∑
yw, si∈L(y)
ul(w)−l(y)Ty + u
∑
yw, si /∈L(y)
ul(w)−l(y)Ty = uYw.
Thus CiYw = Ci(Z′w +Z′′w)= u−1Yw + uYw = (u−1 + u)Yw . ✷
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3.2. Lemma. Let Cw =∑yw fy,w(u)Ty , where fy,w(u) ∈ A. Then y–w and
y < w if and only if the lowest degree of fy,w(u) is one.
Proof. Since fy,w(u)= ul(w)−l(y)Py,w(u−2), y−w if and only if degPy,w(u)=
1
2 (l(w)− l(y)− 1), if and only if the lowest degree of fy,w(u) is (l(w)− l(y))+
(1 − l(y)− l(w))= 1. ✷
3.3. For 1 i  j  n, let a(j, i)= j (j − 1) · · · (i + 1)i(i+ 1) · · · (j − 1)j . For
example, for n = 6, a(5,3)= 54345. In this paper we shall show the following
theorem.
Theorem. Let Yw =∑yw ul(w)−l(y)Ty . Then for 1 i  j  n,
Ca(j,i)
=
∑
i=i1j1<i2j2<···<it−1jt−1<itjt=j
ut−1Ya(j,it )a(jt−1,it−1)a(jt−2,it−2)···a(j1,i)
where 1+ jk < ik+1 for 1 k  t − 1.
Proof. We will show this formula by induction on k = j− i . For k = 0, i.e., i = j ,
a(i, i) = si . Since Ca(i,i) = Csi = Tsi + u = Ysi , the conclusion of the theorem
is true for k = 0. For k = 1, i.e., j = i + 1, a(i + 1, i) = si+1sisi+1. Applying
Lemma 1.3 we have Ca(i+1,i) = Ya(i+1,i). Thus the conclusion of the theorem is
true for k = 1. Suppose the conclusion of the theorem is true for k = j − i  1,
i.e.,
Ca(j,i)
=
∑
i=i1j1<i2j2<···<it−1jt−1<itjt=j
ut−1Ya(j,it )a(jt−1,it−1)a(jt−2,it−2)···a(j1,i)
where 1+ jk < ik+1 for 1 k  t − 1.
In the following we will show the conclusion of the theorem is true for
k+ 1 = j + 1− i . Since sj+1 /∈R(y) for any y  a(j, i), applying Lemma 3.1(1)
and Section 1.4 we have
Ca(j,i)Cj+1
=
∑
ij1<i2j2<···<it−1jt−1<itj
ut−1Ya(j,it )a(jt−1,it−1)a(jt−2,it−2)···a(j1,i)sj+1
= Ca(j,i)sj+1 (3.3.1)
where 1+ jk < ik+i for 1 k  t − 1.
It is trivial by using the expression of Ca(j,i)sj+1 and Lemma 3.2 that the
element a(j + 1, i) is the only element with a(j + 1, i)–a(j, i)sj+1 and sj+1 ∈
L(a(j + 1, i)). So we have Cj+1Ca(j,i)sj+1 = Ca(j+1,i).
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Furthermore, when it = j , the element
a(j + 1, j + 1)a(jt−1, it−1)a(jt−2, it−2) · · ·a(j2, i2)a(j1, i)
is the only maximal element y with
y  a(j, j)a(jt−1, it−1)a(jt−2, it−2) · · ·a(j2, i2)a(j1, i)sj+1
and sj+1 ∈L(y). By using Lemma 3.1(3) we have
Cj+1Ya(j,j)a(jt−1,it−1)a(jt−2,it−2)···a(j2,i2)a(j1,i)sj+1
= Ya(j+1,j)a(jt−1,it−1)a(jt−2,it−2)···a(j2,i2)a(j1,i)
+Ya(j+1,j+1)a(jt−1,it−1)a(jt−2,it−2)···a(j2,i2)a(j1,i) (3.3.2)
where 1 + jk < ik+1 for 1 k  t − 1.
When it < j , the element
a(j − 1, it )a(jt−1, it−1)a(jt−2, it−2) · · ·a(j2, i2)a(j1, i)sj+1
= a(j + 1, j + 1)a(j − 1, it )a(jt−1, it−1)a(jt−2, it−2) · · ·a(j2, i2)a(j1, i)
is the only element y with
y  a(j, it)a(jt−1, it−1)a(jt−2, it−2) · · ·a(j2, i2)a(j1, i)sj+i
and sj+1 ∈L(y). By using Lemma 3.1(3) we have
Cj+1Ya(j,it )a(jt−1,it−1)a(jt−2,it−2)···a(j2,i2)a(j1,i)sj+1
= Ya(j+1,it )a(jt−1,it−1)a(jt−2,it−2)···a(j2,i2)a(j1,i)
+uYa(j+1,j+1)a(j−1,it )a(jt−1,it−1)a(jt−2,it−2)···a(j2,i2)a(j1,i) (3.3.3)
where 1 + jk < ik+1 for 1 k  t − 1.
Therefore by using (3.3.1)–(3.3.3) we have
Ca(j+1,i)
=
∑
ij1<i2j2<···<it−1jt−1<itj+1
ut−1Ya(j+1,it )a(jt−1,it−1)a(jt−2,it−2)···a(j1,i)
where 1 + jk < ik+1 for 1 k  t − 1.
Thus we prove the theorem by induction on k = j − i . ✷
Applying the theorem and Lemma 3.2, the following corollary is trivial.
Corollary. Let y < a(j, i). Then y–a(j, i) if and only if either l(a(j, i)) =
l(y)+ 1 or for any i2, j1 and n  j  i2 > j1 + 1  i + 1, y = a(j, i2)a(j1, i).
And at that time µ(a(j, i), y)= 1.
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